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1. Introduction

For a finite group G actingon an n-dimensionalcomplexmanifoldM, the
correctedEulercharacteristicfor the quotient M by G in string theory is the
following expressionof the orbifold Eulercharacteristic[2]:

X(M,G) = ~-~j>
gh=hg

wherethe summationrunsover all commutingpairs (g,h) of elementsg and
h in G and ~(g,h) denotesthe commonfixed point set of g and h. Atiyah
and Segal [1] noticedthat the aboveexpressionof .~ (M, G) equalsthe Euler
characteristicof the equivariantK-theoryK~(M). In the casewhenM/G has
a resolutionM/G with trivial canonicalbundle,~ (M, G) is expectedto bethe
sameasx (M/G). Thisstatementholdsformanyinterestingcases,e.g.,dim M =

2 [31,or dim M = 3 with abeliangroupG [4,5]. Thispaperdealswith a similar
situation,the equivariantK-theory for the action of the circle group.

In the studyof the conformal field theory of the Landau—Ginzburgmodel,
Vafahasobtainedthe following expressionof Witten’s index [91:

Tr (_~)F = ~ fi (1- 1/qi),
l,r=O lq,,rq~EZ
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whered is thedegreeofthe superpotentialf(z0, .. . , Z,~) with weight (z~)= n~,
q, (i = O,...,m)isthechargenj/dofz1with~70q1= 1.

Vafa’s formulaof Witten’s index hasa topologicalinterpretationon the zero
locus X of the polynomial f (z0,. .., z~)in the weightedprojectivern-space
WP~).For m = 4, the minimal toroidal resolution~ of X is a Calabi—Yau
space.It is shownin ref. [6] that the Eulernumberx (X) is expressedby the
abovequantity in Vafa’s formula.Atiyah suggeststhatthe connectionof Vafa’s
formulaandthe equivariantK-theory existsas the caseof the actionof a finite
group. The main resultof thispaperis to showthatthis is indeedtrue.

Let WP~Øn,,,) bethe rn-dimensionalweightedprojectivespacewith weights
(fl0,...,flm) satisfyingg.c.d.{n1~i~ j} = 1 for all j. DenoteD =

Considerthe naturalprojectioncm~— 0 —~ WP~),andrestrict it to the unit
sphereS

2m+l. We get a Seifert fibration S2m+l —~ WP[~).For a subsetA of
WP~),we denoteby SA —~ A the restrictionof the Seifert fibrationto A. Our
main result is the following

Theorem 1.1. LetX bea quasi-smoothhypersurfacein WP(’~defInedbya quasi-
homogeneouspolynomialofdegreed. ThenK~°

1(Sx) andK~1(Sx) areoffInite
rank andthefollowing equalityholds:

rank Ks°i (Sx) — rank K~(Sx) = (D — d) + ~ fl (1 — 1 /qj),
1,r=O lq,,rq1E7L

whereq, = n,/d.

2. Preliminaries

In this section, we review somefacts on the equivariantK-theory. Let G
be acompactLie group andX acompactG-space.We shall denotethe Euler
characteristicof the equivariantK-theory of aG-spaceX asx~(X).

Fact1.If G actson X trivially, we have

K~(X)~ K*(X)®R(G),

whereR(G) is the representationring of G.

Fact2.If G actson X freely, wehave

K~(X)~ K*(X/G).

It is well knownthatwe canobtainthe Mayer—Vietorissequenceby a routine
diagramchasingargument,oncewe havethe exact sequenceof pairs and the
excisionproperty,which arefoundin ref. [81.
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Fact 3 (Mayer—Vietoris sequence),Let X be acompactG-spaceandA andB are
closedG-invariantsubspaccssuchthat A U B = X. Thenwe havethefollowing
six-termexact sequence:

K~(X) —~ K~(A)~K3(B) -+ K3(AnB)
1~ ‘I.

K~(AnB) i— K~(A)~Kb(B) ~— K~(X)

Consequently, X~(X) + X~(An B) = x ~(A) + x

Wealso need the following

Proposition 2.1. Let N be a finite subgroupofan abelian group G andX a G-
space. Suppose the G-action on X is factored through the homomorphism G —p

G’ = GIN. Then wehave

K~(X) ~ K~,(X)®R(N).

Proof Denoteby )ST the set of all irreduciblerepresentationsof N. Since G is
abelian,everyirreduciblerepresentationof N canbe regardedas therestriction
of acertainrepresentationof G. Foreachirreduciblerepresentationp of N, we
fix an extension~ of p to the representationof G.

ForaG-equivariantvectorbundleE on X, HomN(~6,E) denotesaG-equi-
variantvectorbundledefinedas follows:

HomN(~ö,E)= U HomN(,6,E~).
xEX

HomN(~,E~)is nothingbut HomN (p,E~)as N-space.However,HomN(~,E)
carries a G-action in a natural way:

(g.f)(v) = gf(g~v),

for f E HomN(~,E) and v an elementin the i-representationspace.Sincef
commuteswith the N-action,N actstrivially onHOmN(~,E), i.e., HomN(~,E)
is a G’-vectorbundle.We define a homomorphism~ : K8(X) —p K~,(X) ®
R(N) as follows:

~(E) = ~HomN(~,E)®p.
pEI,r

We alsodefinea homomorphismw : K8, (X) ® R(N) —p K~(X) by

yí(F®p) =F®p.

It is clearthat ~ and w are inverseto eachother. The caseof an odd degree
equivariantK-group is reducedto the caseof evendegree.This completesthe
proof.



290 K. Ono and S.S. Roan/ Vafa’sformula and equivariantK-theory

Remark 2.2.Note that ~ and ~,i’arenot ring homomorphisms.

In general,K~(X)is not necessarilyof finite rank. However,underthe con-
dition that every isotropygroupis finite, the abovefact 3 andproposition2.1
imply that it is of finite rank.Finally we recall theCherncharacterisomorphism
for ordinaryK-theory.

Fact4.The Cherncharacterinducesan isomorphismafter tensoringQ.

ch : K*(X) ®Q—~H*(X)®~.

3. Proof of theorem 1.1

Let X beaquasi-smoothhypersurfacein WP~ ~ definedby the zerosof
a quasi-homogeneouspolynomialf with degreed. We write

Y = {[x~,w] ~ Wp ~Iwd = f(x0,.. .,Xm)}.

X is identified with the intersectionof Y and WP~),which is definedby
the equationw = 0. The complementof X in Y is the Milnor fiber F =

{(Xø,...,Xm) E Cm+l~f(Xø,...,Xm) = 1}. We havethe diagram

Xc Y 3F
I I.

X c WP~9 U
U is the quotientofF by the monodromymaph ofF,

h : [Xø,...,Xm,Wl I’. [x~ Xm,O)
1w]

wherew is the primitive dth root of unity.
Fora subgroupH of G, write

M”=fl{M~gEH},

M(H) = — UMKIH a propersubgroupof K};

henceM(H) consistsof all the pointsof M with H as the isotropy subgroup.

Lemma 3.1. Let Gbe a compact abelian Lie group and P a compact differentiable
manifold with Gx S’-action. Suppose the G x S1-isotropy subgroups at points of
P areallfinite. Then P, asa G-space,has the vanishingG-equivariantK-theory
Euler characteristic,i.e., ~~(P) = 0.

Proof F, as G-space,is the union of all P(H) for H < G. Stratify F as a finite
sequenceof G x S’-invariantclosedsubspaces

~=P
1cP0cP1c•.cF~=P
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suchthat P1 — P~1is P(H) for someH < G. It is easyto see that thereis a
Gx S

1-invariantregularneighborhoodQ~ofP
11 in P~.(Q~= ~.) Let P’(H) =

P~— Q~.By the Mayer—Vietorissequenceargument(cf. fact 3 in section2), we
have

+ x~(P1-i)—x~(8Q~).

By proposition2.1 andfact 2 in section2, K~~(P”(H))andK~(0Q1)are iso-
morphictoK~(P’(H)/G)®R(H) andK~(0Q1/G)®R(H),respectively.Since
F’ (H)/G and0Q1/Gare Seifertmanifolds (i.e. manifoldswith non-vanishing
vectorfields which generateS’-actions),theyhavezeroEulercharacteristic.By
fact 4 in section2, we have~~(P’(H)) = .~(aQ~)= 0. By induction, we
have~~(P) = 0.

Weare goingto prove the following lemmasusingthe aboveresulton Seifert
fibrationSA overA with G = 5’ which actson fibers.

Lemma3.2. X~(S~pm) = D.

Proof The G( = S’ )-action on 52m+ is determinedby weights{n~}

( \ ( ~no ~ni ._ ~ n,,,
~4 ~,/L Z0,,~ ~1,...,/L Z,~

The otherS’-action is determinedby

Ia0 a1 a,,,
~,t Z(j,t Z1,...,t Zm?,

hencean actionon WP~:

[z0, Z1,.. ., Zm] f—~ [taoZ0, t°~ t’~”Z,~].

For genericintegersa0,a1,.. . ,am, the pointsof P with finite G x 5~~isotropy
subgroupareexactlythoseoutsidefibers overF(:= {[l,0,.. . ,0], [0,1,..., 0],

[0,0,..., 1]}. Let N(F) be an S’-invariant regular neighborhoodof F in
WP(°~.TheMayer—Vietorissequenceimplies

= Xs’~(SF)+ Xs’~(5wp~.1— SN(F)) — X(S8N(F)).

By proposition 2.1, the first term on the right handside is D, andlemma3.1
assuresthat the last two termson the right handsidearezero. Hencewe obtain
thislemma.

Lemma 3.3. Let V be the complement of a regular neighborhoodofX in WP~~•

Thenwe have

X~(SwP~,)) X~(Sx)+X~(Sv).
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Proof SinceSxisan S’-invariantsubmanifoldofSwp’~, thereis anSLinvariant
tubularneighborhoodN(Sx)of Sx.Sincetherealcodirnensionof X in WP~)is
2, theboundaryaN(S~)is an S’-equivariantcirclebundleoverSx. Lemma3.1
implies thatx~(SON(S~))= 0. Hencethe conclusionfollows from the Mayer—
Vietoris sequenceargument.

It is easyto seethat the groupgeneratedby the monodromytransformation
h on F is of orderd, andeveryisotropysubgroupH of the 51-actionon Sv is a
subgroup of (h). ThenSv/S’ is homotopicallyequivalentto the quotientspace
F (H)/(h). Using proposition2.1 andlemma3.1 we can showthe following

Lemma3.4.
X~(Sv)= >i: HI .~(F(H)/(h))

H<(h)

Proof We stratify Sv as follows:
YOCYIC...CYN=SV

suchthat
(i) Y3 is an S’-invariant closed subset;
(ii) Y1 — Y1, = Sv(H3) for someH3 < (h);
(iii) Y~— Yj., fl Y~,is a union of Sv(H’) for H’ ~ H1.
It is easyto seethat thereis an S’-invariantregularneighborhoodN~of Y1~

in Y~.SinceON~/S’is acompactodddimensionalmanifold, its Eulernumber
is 0. Fact3 in section2 yields

= X~(N1)+x~(Sv(H1))

= x~(Yj_,)+x~(Sv(Hj));

hence

X~(Sv)= >1 x~(Sv(H))
H<(h)

= ~ IHIX(Sv(H)/S’)
H<(h)

= ~ HIx(F(H)/(h)). E

H<(h)

Lemma 3.5. For I = 0,1,...,d — 1, let Fh’ be thefixedpoint manifoldfor h’.
Then

1 -~(F~/(h))= fi (1- l/q~).
r=0 1q~,rq,E7L
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Proof The sameas lemma3 of ref. [6]. Ei

Proofoftheorem1.1. For a subsetI of {0, 1,...,m}, we have

f(zlz, = 0, i E I) is a non-trivial polynomial in z1 (I ~I)

~=~F;(:=Fn{[xo,...,xm,1]~xi=oforiEI, x1~0forj~I})~~.

Write I = {IIF~’ ~ ~}, H(I) is the isotropy subgroupof (h) for points in
FJ, I ~ I. Thenthe orderof H(I) is equalto cj(:= g.c.d.{n1~j~ I}). Fora
subgroupH of (h), wehave

F(H) = U{F1’~H(1)= H, I e

hence
F(H)/(h) = UF;/hIHw = H, I ~ I}.

LetUJ={[xo,...,xm]EWF~)—XIxj=0foriEI},UJ’=UJ—UJ~JUJ.
ThenF/(h) = U1’,F(H)/(h) = U{U,~H(I) = H, IeI}.Bylemmas3.2,3.3,
3.4, and3.5,

X~(Sx)= D > IHIx(F(H)/(h~)
H<(h)

=

‘El

= D-d + ~ ~ Uj})

= D—d + d_~x(Fh’/(h))

= D_d+~(l_x(Fhh/(h)))

=D-d+~~ fi (l-1/q~).
1,r=Olq,,rq,E73

Remark 3.6.First we compare the approachof ref. [1] andours.Themain tool
in ref. Ellis the following

Fact 5. Let G be a finite group and X a compactG-space.Then thereis an
isomorphism:

K~(X)®C~
[g

where [g] is the conjugateclassin G andZg is the centralizerof g.
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To interpretthe right handside,we introducethe following space.

X := {(x,h) E Xx G I h .~ = x}.

G actson X naturally as follows:

g~(x,h) := (g.x,ghg’).

Then it is easyto seethat
X/G = jjX~/Zs.

[g I
Thereforethe abovefact implies that the equivariantEuler characteristicof X
equalsthe Eulercharacteristicof X/G. On theotherhand,X is also decomposed
into subspacesaccordingto theisotropytypes.Ourapproachcanbe seenas the
latter one.

Remark 3.7.TheequivariantK-theory interpretationof Vafa’s formulawe have
given in the main theorem is based on the action of the abelian group generated
by 5’ and monodromy group (h). Thesameargumentworks also for thecasesof
any finite abeliangroupcommutingwith the S’-action, insteadof(h). Hencewe
canalso obtainasimilarK-theory interpretationof thegeneralizedVafa formula
relatedto Calabi—Yaumirror manifoldstreatedin ref. [7].

Thiswork is doneduringbothauthors’stayat Max-Planck-Institutfür Mathe-
matik. Wewould like to expressour thanksfor itshospitalityandthankProfessor
Kreck for the conversationon the Mayer—Vietoris sequenceof the equivariant
K-theory.
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